Let (A", p) be a metric space with d2(X,p) < dim X where d2
1. Introduction. Let (A, p) be a nonempty metric space. Then the metricdependent dimension d2(X,p) is defined to be at most « if for any collection {(C¡,C'¡): i = 1,...,« + 1} of « + 1 pairs of closed sets with p(C¡,C'i) > 0, there exist closed sets B¡, i = 1, . ..., « + 1, such that (i) B¡ separates A between C¡ and C'¡ for each i, and (ii) C\"1\B¡ = 0, where p(C¡,C'¡) denotes the distance between C, and C'¡ w.r.t. the metric p (cf. [2] ). In this paper the following realization theorem for d2 will be proved, which answers the problem posed by [2] in the affirmative.
Theorem. Let (A, p) be a metric space with d2(X,p) < dim A, and let k be any integer with d2(X,p) < k < dim A. Then there exists a topologically equivalent metric pk such that d2(X,pk) = k.
A similar assertion was proved by J. C. Nichols [3] in the case where (A, p) belongs to some special class of spaces which are subsets of finite dimensional Euclidean cubes with the usual metrics.
Throughout the paper, (A, p) denotes a metric space with a metric p which is compatible with the topology of X.
2. Some lemmas. Let (C, C) be a pair of closed sets of (A, p) with p(C,C) > 0; then there exists a uniformly continuous mapping / of (A, p) into the closed unit interval / such that f(C) = 0 and /(C) = 1. More generally we shall prove Moreover by (3) and (4) we obtain (6) /(C n (»i_,\W0) = 0 and /(C n (^_,V*9) = 1.
Since X = UfLx(Wi_x\Wi) by assumption (ii), we can define a mapping / X -> / by (7) /K^wNW)-/* for' = ''2'----Then the continuity of/is easily proved by use of (1) and (5). Furthermore, it follows from (6) that/(C) = 0 and/(C) = 1. To prove that -1} of X\W¡. Then obviously (1) implies that % is a uniform covering of (X\W¡,p). On the other hand, from (5) we can deduce that/|(c/\I<r+1) = gj+x for each/ which combined with (7) implies that/|C/ is uniformly continuous w.r.t. p for each U £ %. Since % is a uniform covering, we obtain (8) and the proof of the lemma is completed. Definition 1. Let p and p' be metrics on X compatible with the topology of X such that the identity mapping of (A', p) onto (X, p') is uniformly continuous; then we denote this relation by p > p'.
By the definition it is clear that d2(X,p) > d2(X,p') if p > p'. To show (6), let N be an arbitrary neighborhood of x. Then from (1) it follows that x E X\A¡ for some /'. Since A¡ is closed, we have S(x,%¿) END (X\Aj) for some k > i by (3) , which implies S(x,%) = S(x,<$Lk) E N. Thus (6) is proved.
In view of (5) and (6), it can be shown that there exists a metric a on X compatible with the topology of X satisfying the condition To prove the latter half of (10), assume the contrary. Then there exists a point x0 E C\'k=xWk. Since \imk^xo(Ak,X\fVk) = 0 and {^4^.} is decreasing, we have x0 E DkK=xAk. But this contradicts (1), and hence (10) is proved.
By virtue of (9) and (10), we can apply Lemma 1 for each pair (C¡, C'¡) and we get continuous mappings/ : X -> / for / = 1, ..., n such that/(C) = 0, fj(C'j) = 1 and f\(X\Wk) is uniformly continuous w.r.t. a for each i and k. Since lim^^, a(Wk) = 0, each/ satisfies conditions (ii) and (iii) of the lemma, . and hence the proof of the lemma is completed.
Let t be the metric on the /c-dimensional cube /* such that r(x,x')
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use = 2/=i |*i -*/j where x = (x,), x' = (*',). Definition 2. Let / be a continuous mapping of (A, p) into /*. Then p(f) denotes a metric on A defined by p(f)(x,x') = p(x,x') + t(/(x),/(x')) for x, x' G A.
Clearly p(f) is compatible with the topology of A, and it is easy to see that d2(X,p(f)) > d2(X,p) since p(f) > p. The following lemma is an extension of [3, Theorem 3] . We let F = Se/4(U,o); then we know that (3) t(/(C, n V),f(C'i n V)) > e/4 for each/ where t is the metric on Ik as in Definition 2. To prove (3), let x G C, n V and x' G C'i n K. Then since e»(/)(Cf,Ci) > e, we get a(/)(x,x') = a(x,x') + r(/(x),/(x')) > e.
But a(x,x') < a(K) < o(U) + e/2 < 3e/4 by (1), and hence t(/(x),/(x')) > e/4, which means (3). Since « > A:, we can deduce from (3) Therefore we can conclude that d2(X,a(f)) < n, and the proof of the lemma is completed.
3. Main theorem. Now we shall proceed to the proof of the following theorem.
Theorem. Let (X, p) be a metric space with d2(X, p) < dim X and let k be any integer with d2 (X, p) < k < dim X. Then there exists a topologically equivalent metric pk such that d2(X,pk) = k. 
and gj-KAy/) is uniformly continuous w.r.t. a.
Hence we can apply Lemma 3 to gk, and we obtain d2(X,a(gk)) < max{d2(X,a),k}. Since p > a by (2), we have ¿/2(A, p) > ^2C^>a)> which implies that (6) d2(X,a(gk)) < k.
In view of (3) we know that o(gk)(Ci,C'i) > 1 for / = I, ..., k. Then we deduce from (1) that d2(X, a(gk)) > k. Combining with (6), we conclude that d2(X,pk) = k where pk = a(gk), which completes the proof of the theorem.
